In this paper a novel method to overcome membrane locking of thin shells is presented. An interpolation operator into the so-called Regge finite element space is inserted in the membrane energy term to weaken the implicitly given kernel constraints. Due to the tangential-tangential continuity of Regge elements, the number of constraints is asymptotically halved on triangular meshes compared to reduced integration techniques. Provided the interpolant, this approach can be incorporated easily to any shell element. The performance of the proposed method is demonstrated by means of several benchmark examples.
Introduction
In mathematical formulations of plates and shells a small parameter, the thickness, is involved. The lack of finite element approximations of the hidden constraints of the physical model leads to so-called locking phenomena [4, 13] . For shells shear and membrane locking can be observed. The shear locking, induced by the Kirchhoff constraint in the limit case, has been extensively discussed and a variety of shear locking free plate and shell elements have been proposed. For membrane locking, also called inextensional locking, where the (curved) elements fail to represent pure bending, only little analysis has been done [1, 23, 19, 14] and mostly reduced integration 1 Corresponding author. E-mail address: michael.neunteufel@tuwien.ac.at schemes are used in practice [43, 36, 37] . There, the membrane constraints are weakened due to underintegration. It is well known that (sufficient high) p and hp-refinement strategies [29, 38, 20] may overcome the problem of membrane locking, but in the case of low order triangular elements the reduced integration techniques suffer [14] .
Tullio Regge derived in [32] a geometric discretization of the Einstein field equations by approximations with a piece-wise constant metric. In theoretical, and later also numerical, physics, so-called Regge calculus was applied e.g., in fields of relativity and quantum mechanics and has been further developed the last fifty years, see [40] for an overview. An analytical point of view of Regge calculus were given in [12, 11] . It was observed that Regge's approach is equivalent to specify lengths at all edges of a mesh, similar to Whitney-forms [39] . In the context of finite element exterior calculus (FEEC) [3, 2] a finite element point of view were given in [15, 16] and the resulting Regge elements have been generalized to arbitrary polynomial order on triangles and tetrahedrons [24] .
In this work we will use the resulting Regge interpolant to construct membrane locking free methods for shells. It can be incorporated in any existing method and finite element code, providing the interpolation operator. In a variety of numerical examples the method is tested. This paper is structured as follows: In the next section we will give a brief overview of Regge elements and the according interpolation operator. Then the method is described in the general case of shells. In section 4 the method is discussed. In the last section we apply the resulting method to several established membrane locking benchmark examples.
Regge elements
For the convenience of the reader we give a brief introduction in the construction of Regge elements. As the Regge elements approximate symmetric tensors we seek for a matrix valued finite element space. To prescribe the edge lengths globally only the tangentialtangential components need to be globally continuous. Therefore, let T h a triangulation of a domain
The set of all piece-wise polynomials up to degree k on T h is denoted by Π k (T h ). With this, we define the Regge finite element space
where σ tt is the tangential-tangential component in two or the 2 × 2 tangential-tangential sub-matrix in three dimensions and σ tt denotes the tangentialtangential jump over elements. Further, we define the Lagrangian nodal finite element space as
where C 0 (Ω) denotes to set of all continuous functions on Ω. For an (high-order) construction of H 1 -conforming finite elements we refer to [7, 42, 41] .
In the context of [22] we can define functionals, the degrees of freedom (dofs), on the reference or physical tetrahedron T with the local space [
sym . Therefore, let {q E,l }, {q F,l } and {q T,l } denote a basis of Π k (E αβ ) on the edge E αβ between to vertices
sym on the tetrahedron T , respectively. Then the functionals read 5) where A : B := ij A ij B ij denotes the Frobenius scalar product, ⊗ the outer dyadic product and t E the tangent vector of the edge E αβ . For triangles the functionals are defined analogously.
In one dimension the Regge elements coincide with L 2 -conforming discontinuous finite elements. On two-dimensional triangular elements they are equivalent to the H(divdiv) finite elements constructed in [35] . Like the relationship between H(div) [31, 8] and H(curl) [25, 26] elements in 2D, one has to rotate the shape functions. In three dimensions, however, these An explicit basis for the according shape functions {ϕ i } to (2.3)-(2.5) is constructed e.g., in [24] . Given these functionals {Ψ i } and shape functions {ϕ i }, one can define the following Regge interpolation operator 6) where N k ∈ N denotes the number of degrees of freedom (the number of shape functions) and C ∞ (Ω) the set of all smooth functions on Ω.
If a Regge elementσ h is defined on the reference tetrahedron or triangleT , one needs to map it to a physical element T = Φ(T ), given by a transformation Φ :T → R d , in such a way that the tangential-tangential continuity gets preserved. For H(curl)-conforming elements the covariant transformation u • Φ := F −Tû , F := ∇Φ, is used to preserve the tangential continuity. Thus, by applying the co-variant transformation on both sides,
leads to a symmetric tangential-tangential continuous function σ h on T . For shells one needs to map the reference triangleT ⊂ R 2 to a (possibly curved)
is not invertible and thus, the transformation rule (2.7) needs to be adopted by using the Moore-Penrose pseudo-inverse instead
3 Methodology
Shells and membrane energy
LetΩ ⊂ R 3 be an undeformed configuration of a shell with thickness t, described by the mid-surface S and the according orientated normal vector ν S
Furthermore, let Φ : Ω → R 3 be the deformation from the initial to the deformed configuration of the shell and φ : S h → R 3 the deformation of the approximated mid-surface. The according triangulation consisting of possibly curved triangles of S h is denoted by T h . Then, we define F := ∇ τ φ as the deformation gradient. Here, ∇ τ φ denotes the surface gradient of φ, which can be introduced in weak sense [18] , or directly as Fréchet-derivative. We can split the deformation into the identity function and the displacement, φ = id + u, and thus, F = P τ + ∇ τ u with the projection onto the tangent plane
The shell energy functional can be split into a membrane, bending and shear energy part, cf. [17, 10, 6] ,
where f denotes an external force.
We focus on the membrane energy and consider the full nonlinear term
with E τ := 1/2(C τ − I) denoting the Green strain tensor restricted on the tangent plane, C τ := F T F denoting the Cauchy-Green strain tensor. The material norm is given by
with the material tensor M , the Young's modulus E and the Poisson's ratio ν, respectively. The linearization of (3.3) is given by
where u α|β denotes the covarient derivative, b αβ the second fundamental form, α, β ∈ {1, 2}, and u 3 the displacement components in normal direction, see e.g. [10] for the notations.
Usage of Regge interpolant
In what follows let the discrete displacements
For our proposed method we insert the Regge interpolation operator of order k − 1 into the membrane energy (3.3)
which is equivalent to introduce a Lagrange functional L and two new unknowns R ∈ Reg k−1 and Q ∈ [Reg k−1 ] * and using the following terms instead of (3.6)
Here, [Reg k ] * denotes the discrete dual space of Regge elements consisting of the functionals (2.3)-(2.5) and
denoting the canonical pairing. With this, the new Lagrange functional reads
Due to the tangential-tangential continuity of E τ , the discrete Jacobean ∇ τ u h is tangential-continuous, it is mathematically equivalent to break the continuity of Reg k and its dual space [Reg k ] * and apply the projection element-wise. Hence, static condensation techniques can be applied to eliminate the two unknowns R and Q locally. This makes the method cheap and positive definite systems get preserved.
Discussion
Let u be an exact solution to the shell problem (3.2) such that E 3 , u h := I h,k u, I h denoting the standard nodal interpolation operator, does not guarantee in general that E lin mem (u h ) = 0 for the discrete displacements. I.e. the interpolation operator does not preserve the kernel of the membrane operator. Therefore, pure bending modes induce discrete membrane energy modes due to the discrete constraints. This effect dominates for small thickness parameter t, the shell element is called to be too stiff and locking occurs.
By using the Regge interpolant I R h,k−1 E lin mem (u h ) we weak the discrete constraints. Reduced integration schemes follow the same idea, using less Gauß-integration points, which corresponds to an L 2 -interpolation instead of a Regge interpolation. When we compare the number of dofs, which can be interpreted as the number of constraints, one can observe that on one single triangle T the number of constraints are equal as the dimension of both spaces are the same, dim = 3(k + 1)(k + 2)/2.
For a triangulation T h , however, the number of constraints differ already in the lowest order case significantly. For Regge elements we have one degree of freedom per edge, whereas in the reduced integration scheme one has three per element. Asymptotically there holds
where #T , #E, and #V denote the number of triangles, edges, and vertices of the triangulation T h . Therefore,
and thus, the Regge interpolation reduces the number of constraints asymptotically by a factor of two compared to the L 2 -projection. Furthermore, on a triangulation T h of a flat two-dimensional domain or a surface described by one single embedding (and thus not closed) there holds
where #V B and #V I denote the number of vertices on the boundary and in the inner domain, respectively. The discrepancy of three corresponds to the number of rigid-body motions in two dimensions, two translations and one rotation. Therefore, for given displacements at the vertices one can find a unique value per edge describing the (tangential-tangential) stretching between two vertices. This fits perfectly to the following (linear) exact sequence
where
} denotes the set of linearized rigid body motions.
In [16, 21] they used this sequence in three dimensions as a part of a larger complex and proofed in the lowest order case commuting and exactness properties. For a nonlinear complex one has to replace the symmetric gradient by the Green strain tensor and RB = {Ax + b | A ∈ SO(2), b ∈ R 2 }, where SO(2) denotes the set of all orthogonal 2 × 2 matrices with determinant one.
In case of the full nonlinear membrane energy term (3.3) the Green strain operator
d×d sym doubles the polynomial degree asymptotically element-wise, with the exception k = 1. This may lead to even worse discrete kernel conservation. Thanks to the Regge interpolant, the Green strain tensor gets projected back to polynomial degree k − 1 and again the number of constraints are reduced.
The idea of inserting an interpolation operator has already been successfully applied to avoid shear locking. E.g. for the MITC elements [5, 9] an HCurl interpolant was inserted into the shear energy term. Also methods where the rotation gets approximated by HCurl-conforming finite elements overcome shear locking [28] .
In the lowest order case k = 1 for the displacements, membrane locking is not observed as long an isoperimetric mapping for the shell geometry is considered. Curving the geometry by a higher polynomial degree as the displacements leads to enormous membrane locking in the lowest order case. However, using the Regge interpolation I R h,0 reduces this locking phenomena too.
Numerical examples
To avoid shear locking effects we use the KirchhoffLove shell model introduced in [27] . The method is implemented in the NGS-Py interface, which is based on the finite element library Netgen/NGSolve 2 [33, 34] . As the discrete dual space [Reg k ] * is implemented in NGSolve, method (3.9) can be used directly.
For the benchmarks we use lowest order element, i.e. polynomial order k = 1 for the displacements, together with quadratically curved meshes, which will be denoted by method p1. Further, second order finite elements for the displacements, where the geom- etry is mapped isoperimetrically, i.e. also quadratic elements, are used, called method p2.
The forces are chosen such that the deformations are in the linear regime. Therefore, the differences between the linearized (3.5) and full nonlinear (3.3) membrane energy is marginal. Further, the forces are scaled appropriately with the thickness parameter t such that the deformations are in the same magnitude. Due to the nonlinear bending energy part in [27] , however, the results may vary with respect to the thickness parameter. The reference values are computed by a very fine mesh and the error is computed by |result -reference|/|reference|.
Cylinder with free ends
A cylinder with free ends is loaded with a periodic force [30, 10] 4 , ν = 0.3, t ∈ {0.1, 0.01, 0.001, 0.0001} and the cylinder is loaded by the normal pressure distribution P = t 3 cos(2ζ)ν, ζ andν denoting the circumferential arc-length and the normal vector on the reference configuration, respectively, cf. The radial deflection at point A is measured and listed in Table 5 .1 -5.4 and the relative error for unstructured meshes can be found in Figure 5 .4 and 5.5 and for structured meshes in Figure 5 .6 and 5.7. 
Axisymmetric hyperboloid with free ends
An axisymmetric hyperboloid is described by the equation
with free boundaries is loaded by a force, see [10] . Due to symmetries it is sufficient to use one eighth of the geometry and symmetry boundary conditions, see Figure 5 .8 for the geometry and Figure 5 .9 for a coarse and fine mesh. The material and geometric parameters are R = 1, E = 2.85 × 10 4 , ν = 0.3, t ∈ {0.1, 0.01, 0.001, 0.0001}, P = The radial deflection at point A is can be found in Table 5 .5 -5.8 and the relative error in Figure 5 .10 and 5.11. 1e-01 1e-02 1e-03 1e-04 8 -6.65e-06 -8.79e-08 -8.83e-10 -8.83e-12 32 -1.24e-05 -2.55e-07 -2.59e-09 -2.59e-11 128 -1.83e-05 -8.80e-07 -9.38e-09 -9.39e-11 512 -2.12e-05 -2.89e-06 -3.53e-08 -3.54e-10 968 -2.18e-05 -4.72e-06 -6.55e-08 -6.59e-10 2048 -2.22e-05 -7.72e-06 -1.36e-07 -1.38e-09 8192 -2.24e-05 -1.38e-05 -5.21e-07 -5.42e-09 32768 -2.25e-05 -1.73e-05 -1.89e-06 -2.15e-08 
Uniform bending of cylindrical shell
A moment M is applied to a cylindrical shell, which is fixed at the top [23] . The material and geometric parameters are R = 0.1, b = 0.025, E = 2 × 10 5 , ν = 0, t ∈ {0.1, 0.01, 0.001, 0.0001}, M 0 = (t/R) 3 , see Figure 5 .12 and 5.13.
This time the deflection orthogonal to the radial direction is computed at point A. The results can be found in Table 5 .9 -5.12 and Figure 5 .14 and 5.15.
Hyperbolic paraboloid
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The deflection in z-direction at point A can be seen in Table 5 .13 -5.16 and the relative error in Figure  5 .18 and 5.19. 
